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Abstract

We present a penalty method with trust-region technique for nonlinear bilevel optimization prob-
lem in this paper. This method follows Dennis, El-Alem, and Williamson active set idea and penalty
method to transform the nonlinear bilevel optimization problem to unconstrained optimization prob-
lem. This method maybe simpler than similar ideas and it does not need to compute a base of the
null space. A trust-region technique is used to globalize the algorithm. Global convergence theorem
is presented and applications to mathematical programs with equilibrium constraints are given.
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1 Introduction

The nonlinear bilevel optimization (NBLO) problem, is a nested optimization problem which has two
levels in hierarchy. The NBLO problem arises when two independent decision makers, DMs, ordered
within a hierarchical structure, have conflicting objectives. The DM at the lower level (follower) has to
optimize his objective under the given parameters from the upper level DM (leader), who, in return, with
complete information on the possible reactions of the lower, selects the parameters so as to optimize his
own objective. The DM with the upper level objective fu(x, y), takes the lead, and chooses his decision
vector x. The DM with lower level objective fl(x, y), reacts accordingly by choosing his decision vector
y to optimize his objective, parameterized in x. Note that the upper level decision maker is limited to
influencing, rather than controlling, the lower levels outcome.

In this paper, we describe and analyze a penalty method with trust-region mechanism for the
following NBLO problem

minx,y fu(x, y)
subject to gu(x, y) ≤ 0,

miny fl(x, y),
subject to gl(x, y) ≤ 0,

(1.1)
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where x ∈ ℜn1 , y ∈ ℜn2 , fu : ℜn1+n2 → ℜ, fl : ℜn1+n2 → ℜ, gu : ℜn1+n2 → ℜm1 , and gl : ℜn1+n2 → ℜm2 .
There are several types of approaches suggested to solve NBLO problem, for example see [[1], [11],

[19]]. The conventional solution approach to the NBLO problem is to transform the original two level
problems into a single level one by replacing the lower level optimization problem with its Karush-
Kuhn-Tucker (KKT) conditions [[1],[4],[20]]. This approach is used in this paper to transform NBLO
problem to a general nonlinear programming (GNP) problem. This allows the use of the well-developed
techniques for solving the GNP problems. The KKT conditions for the point y∗ to be a local minimizer
of the lower level problem (1.1) are

∇yfl(x, y) +∇ygl(x, y)λ = 0, (1.2)

gl(x, y) ≤ 0, (1.3)

(λ)jglj (x, y) = 0, j = 1, ...,m2, (1.4)

(λ)j ≥ 0, j = 1, ...,m2, (1.5)

where λ ∈ ℜm2 is a multiplier vector associated with inequality constraint gl(x, y). For more details,
see [9]. It follows that a necessary condition for (x, y, λ) to be an optimal solution of Problem (1.1),
the point (y∗, λ∗) must satisfy conditions [1.2-1.5] at x∗. From this line of reasoning, Problem (1.1) is
converted to the following GNP problem

minx,y fu(x, y)
subject to gu(x, y) ≤ 0,

∇yfl(x, y) +∇ygl(x, y)λ = 0,
gl(x, y) ≤ 0,
λjglj (x, y) = 0, j = 1, ...,m2,

λj ≥ 0, j = 1, ...,m2.

(1.6)

The above problem can be summarized as follows

minx̄ fu(x̄)
subject to De(x̄) = 0, e ∈ E,

Di(x̄) ≤ 0, i ∈ I,
(1.7)

where x̄ = (x, y, λ)T , E = {1, ..., n2 +m2}, and I = {1, ...,m1 + 2m2} such that E
∩
I = ∅. We assume

that fu(x̄), De(x̄) for all e ∈ E, and Di(x̄) for all i ∈ I are at least twice continuously differentiable
functions.

Motivated by the active-set mechanism in [2], we define a 0-1 diagonal matrix Z(x̄), whose diagonal
entries are

zi(x̄) =


1 if i ∈ E,
1 if Di(x̄) ≥ 0 for all i ∈ I,
0 if Di(x̄) < 0 for all i ∈ I.

(1.8)

This matrix is used to convert Problem (1.7) to the following equality constrained optimization (ECO)
problem

minimize fu(x̄)
subject to P (x̄)TZ(x̄)P (x̄) = 0.

For more details see [2].
Using a penalty method [[9], [10]] the above ECO problem transforms to the following unconstrained

optimization problem.
minimize fu(x̄) +

ρ
2∥Z(x̄)P (x̄)∥2

subject to x̄ ∈ ℜn1+n2+m2 ,
(1.9)
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where ρ ∈ ℜ is a positive parameter.
The first-order necessary condition for the point x̄∗ to be a local minimizer of Problem (1.9) is

∇x̄fu(x̄∗) + ρ∇P (x̄∗)Z(x̄∗)P (x̄∗) = 0. (1.10)

If the point x̄∗ satisfies the first-order necessary conditions of Problem (1.7)[13], then it satisfies the
first-order necessary conditions of Problem (1.9) but the converse is not necessarily true. So, we design
our algorithm in such a way that, if the point x̄∗ satisfies the first-order necessary condition of Problem
(1.9), then it also satisfies the first-order necessary conditions of Problem (1.7).

As we know a trust-region mechanism can induce strongly global convergence, which are very im-
portant methods for solving unconstrained and constrained optimization problems and are more robust
when they deal with rounding errors, so we used it in the proposed algorithm. One of the advantages of
the trust-region mechanism is that it does not require the objective function of the model to be convex.
However, in traditional trust-region mechanism, after solving a trust-region subproblem, we need to use
some criteria to check if the trial step is acceptable. If not, the subproblem must be resolved with a
reduced trust-region radius. For more details see [ [6], [7], [17], [16], [21], [22], [24], [8]].

A trust-region quadratic subproblem associated with Problem (1.9) is

minimize qk(sk) = fuk
+∇fT

uk
s+ 1

2s
THks+

ρk
2 ∥Zk(Pk +∇P T

k s)∥2
subject to ∥s∥ ≤ δk,

(1.11)

where 0 < δk is a trust-region radius and Hk is the Hessian of fu(x̄k) or an approximation to it.
The rest of this section introduces some notations. In Section 2 we introduce an outline of the

proposed trust-region algorithm. Section 3 is devoted to analysis of the global convergence of the
proposed algorithm. Section 4 contains implementation of the proposed algorithm and the results of
test problems. Section 5 contains concluding remarks.

Subscripted functions denote function values at particular points; for example, fuk
= fu(x̄k), Pk =

P (x̄k), ∇fuk
= ∇fu(x̄k), ∇Pk = ∇P (x̄k), Zk = Z(x̄k) and so on. Sometimes, to simplify the notations,

we need to rename the subsequence {ki} to {k} to avoiding double indices. Finally, all norms are
l2-norms.

2 Description of the Trust-Region Algorithm

A detailed description of the trust-region algorithm for solving NBLO problem, is outlined in this
section.

2.1 How to Compute sk

In the proposed algorithm, we use a conjugate gradient method [18] to compute the trial step sk. It is
very cheap if the problem is large-scale and the Hessian is indefinite.

The steps for solving subproblem (1.11) are presented in the following algorithm

Algorithm 2.1 : (A conjugate gradient algorithm to evaluate sk)
Step 1. Set 0 = s0 ∈ ℜn1+n2+m2, w0 = −(∇fuk

+ ρk∇PkZkPk), and v0 = w0.
Step 2. For j = 1, ..., (n1 + n2 +m2) do

Compute Bk = Hk + ρk∇PkZk∇P T
k .

Compute cj =
wT

j wj

vTj Bkvj
.

Compute γj such that ∥sj + γjvj∥ = δk.
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If vTj Bkvj ≤ 0, then set sk = sj + γjvj and Stop.
Else, set sj+1 = sj + cjvj and
wj+1 = wj − cjBkvj.
If

wj+1

w0
≤ ε0.

Set sk = sj+1 and stop.

Compute q̄j =
wT

j+1wj+1

wT
j wj

and the new direction is

vj+1 = wj+1 + q̄jvj.

To test the step sk which is evaluated by using the above algorithm, to determine whether it will be
accepted or not, we need to the following merit function

ℓ(x̄k; ρk) = fu(x̄k) +
ρk
2
∥Z(x̄k)P (x̄k)∥2. (2.12)

We define an actual reduction Aredk and a predicted reduction Predk in the merit function to test
whether the point x̄k+1 = x̄k + sk will be taken as a next iterate or not.

Aredk in the merit function (2.12) is defined as follows

Aredk = fu(x̄k)− fu(x̄k+1) +
ρk
2
[∥ ZkPk ∥2 − ∥ Zk+1Pk+1 ∥2], (2.13)

and Predk is defined as

Predk = qk(0)− qk(sk) (2.14)

= −∇fT
uk
sk −

1

2
sTkHksk +

ρk
2
[∥ ZkPk ∥2 − ∥ Zk(Pk +∇P T

k sk) ∥2]. (2.15)

2.2 How to test sk and update δk

Our way of testing sk and updating δk is presented in the following algorithm.

Algorithm 2.2 : (Test sk and update the trust-region radius algorithm)
Choose 0 < τ1 < τ2 ≤ 1, δmax > δmin, and 0 < η1 < 1 < η2.

While Aredk
Predk

< τ1, or Predk ≤ 0.

Set δk = η1 ∥ sk ∥.
Evaluate a new sk.

If τ1 ≤ Aredk
Predk

< τ2, then set x̄k+1 = x̄k + sk.
δk+1 = max(δk, δmin).
End if.
If Aredk

Predk
≥ τ2, then set x̄k+1 = x̄k + sk.

δk+1 = min{δmax,max{δmin, η2δk}}.
End if.

2.3 How to update ρk

To update the parameter 0 < ρk , we use a scheme suggested by [23] and it is presented in the following
algorithm.

Algorithm 2.3 :(Updating the positive parameter ρk )

Compute Predk given by (2.15).
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If
Predk ≥∥ ∇PkZkPk ∥ min{∥ ∇PkZkPk ∥, δk}. (2.16)

Set ρk+1 = ρk.
Else, set ρk+1 = 2ρk.
End if

Finally, the algorithm is stopped when either ∥ ∇fuk
∥ + ∥ ∇PkZkPk ∥≤ ϵ1 or ∥ sk ∥≤ ϵ2 for some

tolerances 0 < ϵ1 and 0 < ϵ2.
Main steps of our method is presented in the following algorithm.

Algorithm 2.4 :(The trust-region algorithm)
Step 0: Given x̄0 ∈ ℜ(n1+n2+m2). Choose 0 < ϵ1, 0 < ϵ2, τ1, τ2, η1, and η2,
such that 0 < τ1 < τ2 ≤ 1 and 0 < η1 < 1 < η2.
Choose δmin, δmax, and δ0 such that δmin ≤ δ0 ≤ δmax.
Set ρ0 = 1. Set k = 0.
Step 1: If ∥ ∇fuk

∥ + ∥ ∇PkZkPk ∥≤ ϵ1, then terminate the algorithm.
Step 2: Using Algorithm 2.1 to compute sk.
Step 3: If ∥ sk ∥≤ ϵ2, then the algorithm stops.
Step 4: Set x̄k+1 = x̄k + sk.
Step 5: Compute Zk+1 given by (1.8).
Step 6: Test the step and update the trust-region radius using Algorithm (2.2).
Step 7: Update the positive parameter ρk using Algorithm (2.3).
Step 8: Set k = k + 1 and go to Step 1.

The following section is devoted to global convergence analysis for the proposed algorithm.

3 Convergence Analysis

The following section is devoted to some assumptions under which the convergence theory is established.

3.1 Assumptions

Let {x̄k} be the sequence of iterates generated by Algorithm (2.4) and let Ω be a convex subset of
ℜ(n1+n2+m2) such that for all k, x̄k and x̄k + sk are in Ω. On the set Ω, we assume:
[S1]. The functions fu(x̄) and P (x̄) are twice continuously differentiable functions for all x̄ ∈ Ω.
[S2]. All of fu(x̄), ∇fu(x̄), ∇2fu(x̄), P (x̄), ∇P (x̄), are uniformly bounded in Ω.
[S3]. The sequence of the Hessian matrices {Hk} or an approximated to it is bounded.

In the above assumptions, we do not assume that ∇P (x̄) is linearly independent for all x ∈ Ω. Then
we may have other kinds of stationary points. They are presented in the following definitions.

Definition 3.1 (A Fritz John point).
A point x̄∗ ∈ ℜ is called a Fritz John (FJ) point if there exist β̃∗ ∈ ℜ and a Lagrange multiplier vector
µ∗ ∈ ℜ(m1 + 2m2) not all zero such that:

β̃∗∇fu(x̄∗) +∇P (x̄∗)µ∗ = 0, (3.1)

Z(x̄∗)P (x̄∗) = 0, (3.2)

(µ∗)iPi(x̄∗) = 0, i = 1, 2, ...,m1 + 2m2 (3.3)

β̃∗, (µ∗)i ≥ 0, i = 1, 2, ...,m1 + 2m2. (3.4)
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conditions [3.1- 3.4] are called FJ conditions. For more details see [13].
If β̃∗ ̸= 0, then the FJ conditions are called the KKT conditions and the point (x̄∗, 1,

µ∗
β̃∗
) is called

KKT point.

Definition 3.2 (Infeasible FJ point)
A point x̄∗ is called an infeasible FJ point if there exist β̃∗ ∈ ℜ and a Lagrange multiplier vector
µ∗ ∈ ℜ(m1 + 2m2) not all zero such that:

β̃∗∇fu(x̄∗) +∇P (x̄∗)µ∗ = 0, (3.5)

∇P (x̄∗)Z(x̄∗)P (x̄∗) = 0 but ∥Z(x̄∗)P (x̄∗)∥ > 0, (3.6)

(µ∗)iPi(x̄∗) = 0, i = 1, 2, ...,m1 + 2m2 (3.7)

β̃∗, (µ∗)i ≥ 0, i = 1, 2, ...,m1 + 2m2. (3.8)

Conditions [3.5-3.8] are called infeasible FJ conditions.
If β̃∗ ̸= 0 then the infeasible FJ conditions are called an infeasible KKT conditions and the point

(x̄∗, 1,
µ∗
β̃∗
) is called an infeasible KKT point.

The following two lemmas provide conditions equivalent to the conditions given in definitions (3.1-
3.2).

Lemma 3.1 Assume S1-S3. A subsequence {x̄ki} of the iteration sequence generated by Algorithm (2.4)
satisfies infeasible FJ conditions if it satisfies:
1) limki→∞ ∥ZkiPki∥ > 0.

2) limki→∞
{
mins

{
∥Zki(Pki +∇P T

ki
s)∥2

}}
= limki→∞ ∥ZkiPki∥2.

Proof. Let s̄k be the minimizer of mins ∥Zk(Pk +∇P T
k s)∥2, then it satisfies

∇PkZk∇P T
k s̄k +∇PkZkPk = 0. (3.9)

If limk→∞ s̄k = 0, then limk→∞ {∇PkZkPk} = 0. Consider the limit in condition 2 which is equivalent
to

lim
k→∞

{
s̄Tk∇PkZk∇P T

k s̄k + 2s̄Tk∇PkZkPk

}
= 0. (3.10)

Multiplying (3.9) from the left 2s̄Tk and subtract it from (3.10), we have limk→∞
{
s̄Tk∇PkZk∇P T

k s̄k
}
= 0.

This implies that limk→∞ {∇PkZkPk} = 0 if limk→∞ s̄k ̸= 0. Hence in either case, we have

lim
k→∞

{∇PkZkPk} = 0.

Taking (µk)i = (ZkPk)i, i = 1, ...,m1 + 2m2. Hence from Condition 1, we have limk→∞(µk)i ≥ 0, and
limk→∞(µk)i > 0, for some i. Then limk→∞∇Pkµk = 0 and hence the conditions of Definition (3.2)
hold in the limit with β̃∗ = 0.

Lemma 3.2 Assume S1-S3. A subsequence {x̄ki} of the iteration sequence generated by Algorithm (2.4)
satisfies FJ conditions if it satisfies:
1) For all ki, ∥ZkiPki∥ > 0 and limki→∞ ZkiPki = 0.

2) limki→∞

{
mins

{
∥Zki

(Pki
+∇PT

ki
s)∥2

∥Zki
Pki

∥2

}}
= 1.

Proof. Let d̄k be a minimizer to the problem.

min
d∈ℜn

{
∥Ûk + Zk∇P T

k d∥2
}
, (3.11)
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where Ûk is a unit vector in the direction of ZkPk and d = s
∥ZkPk∥ . Then d̄k satisfies

∇PkZk∇P T
k d̄k +∇PkZkÛk = 0. (3.12)

If limk→∞ d̄k = 0 in the above equation, then limk→∞∇PkZkÛk = 0.
Consider the limit in Condition 2 which is equivalent to

lim
k→∞

{
min
d∈ℜn

{
∥Ûk + Zk∇P T

k d∥2
}}

= 1.

Using the fact that d̄k is a solution to the minimization Problem (3.11), we have

lim
k→∞

{d̄k
T∇PkZk∇P T

k d̄k + 2ÛT
k Zk∇P T

k d̄k} = 0.

Multiplying (3.12) from the left by 2d̄Tk and subtract it from the above limit, we have

lim
k→∞

d̄k∇PkZk∇P T
k d̄k = 0.

This implies limk→∞
{
∇PkZkÛk

}
= 0 if limk→∞ d̄k ̸= 0. Hence in both cases, we have

lim
k→∞

{
∇PkZkÛk

}
= 0.

The rest of the proof follows using arguments similar to those in the above lemma.
From the above lemma, we notice that, for any subsequence of the iteration sequence that satisfies

FJ conditions, the corresponding subsequence of smallest singular values of Zk∇P T
k is not bounded

away from zero. That is the gradient of the active constraints are linear dependent.

3.2 Important lemmas

In this section, we introduce basic lemmas which are needed in the subsequent proofs.

Lemma 3.3 Assume S1 and S3. Then Z(x)P (x) is Lipschitz continuous in Ω.

Proof. See Lemma (4.1) in [2].
From the above lemma, we conclude that P (x)TZ(x)P (x) is differentiable and ∇P (x)Z(x)P (x) is

Lipschitz continuous in Ω.

Lemma 3.4 At any iteration k, let Ŵ (x̄k) be a diagonal matrix whose diagonal entries are

(ŵk)i =


1 if (Pk)i < 0 and (Pk+1)i ≥ 0,
−1 if (Pk)i ≥ 0 and (Pk+1)i < 0,
0 otherwise,

(3.13)

where i = 1, 2, ...,m1 + 2m2. Then
Zk+1 = Zk + Ŵk. (3.14)

Proof. See Lemma (6.2) in [5].

Lemma 3.5 Assume S1 - S3. At any iteration k, there exists a positive constant C1 independent of k,
such that

∥ŴkPk∥ ≤ C1∥sk∥. (3.15)
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Proof. See Lemma (6.3) in [5].
The following lemma shows how accurate our definition of Predk is as an approximation to Aredk.

Lemma 3.6 Assume S1-S3, then there exists a constant C2 > 0 that does not depend on k, such that

| Aredk − Predk |≤ κ2ρk∥sk∥2. (3.16)

Proof. From (2.13) and using (3.14) we have

Aredk = fu(x̄k)− fu(x̄k+1) +
ρk
2
[P T

k ZkPk − P T
k+1(Zk + Ŵk)Pk+1].

From the above equation and (2.15), we have

| Aredk − Predk | ≤ | fu(x̄k) +∇fu(x̄k)
T sk +

1

2
sTkHksk − fu(x̄k+1) |

+
ρk
2

| (Pk +∇P T
k sk)

TZk(Pk +∇P T
k sk)− P T

k+1(Zk + Ŵk)Pk+1 | .

Using Cauchy-Schwarz inequality, then

|Aredk − Predk| ≤ | 1
2
sTk (Hk −∇2fu(x̄k + ξ1sk))sk |

+ρk | (∇Pk −∇P (x̄k + ξ2sk))ZkPksk |

+
ρk
2

| sTk [∇PkZk∇P T
k −∇P (x̄k + ξ2sk)Zk∇P (x̄k + ξ2sk)

T ]sk |

+
ρk
2
∥ŴkPk∥2 + ρk | ∇P (x̄k + ξ2sk)ŴkPksk |

+
ρk
2

| sTk∇P (x̄k + ξ2sk)Ŵk∇P (x̄k + ξ2sk)
T sk |,

for some ξ1 and ξ2 ∈ (0, 1). Hence

|Aredk − Predk| ≤ 1

2
∥Hk −∇2fu(x̄k + ξ1sk)∥∥sk∥2

+ρk∥∇Pk −∇P (x̄k + ξ2sk)∥∥ZkPk∥∥sk∥

+
ρk
2
∥∇PkZk∇P T

k −∇P (x̄k + ξ2sk)Zk∇P (x̄k + ξ2sk)
T ∥∥sk∥2

+
ρk
2
∥ŴkPk∥2 + ρk∥∇P (x̄k + ξ2sk)∥∥ŴkPk∥∥sk∥

+
ρk
2
∥∇P (x̄k + ξ2sk)Ŵk∇P (x̄k + ξ2sk)

T ∥∥sk∥2.

Using Inequality (3.15), then under the problem assumptions there exist positive constants a1, a2, and
a3 such that

| Aredk − Predk |≤ a1∥sk∥2 + a2ρk∥sk∥3 + a3ρk∥sk∥2.

Since ρk > 0 then the above inequality can be written as

| Aredk − Predk |≤ κ2ρk∥sk∥2.

This complete the proof.

Lemma 3.7 Assume S1-S3. Then for all k > k̄, there exists a positive constant C3 independent of the
iterates such that,

Predk ≥ C3 ∥ ∇fuk
+ ρk∇PkZkPk ∥ min{δk,

∥ ∇fuk
+ ρk∇PkZkPk ∥
∥ Bk ∥

}. (3.17)
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Proof. Since the step sk is obtained by approximating the solution of subproblem (1.11) using the
conjugate gradient method, then it satisfies the fraction-of-Cauchy decrease condition

qk(0)− qk(sk) ≥ φ[qk(0)− qk(s
cp
k )], (3.18)

where qk(0)−qk(sk) and qk(0)−qk(s
cp
k ) represent the predicted decrease obtained by sk and the Cauchy

step scpk respectively. The Cauchy step scpk is given by

scpk = −αcp
k (∇fuk

+ ρk∇PkZkPk), (3.19)

such that the parameter αcp
k is given by

αcp
k =



∥∇fuk+ρk∇PkZkPk∥2
∥Bk(∇fuk+ρk∇PkZkPk)∥2 if

∥∇fuk+ρk∇PkZkPk∥3
∥Bk(∇fuk+ρk∇PkZkPk)∥2 ≤ δk

and ∥Bk(∇fuk
+ ρk∇PkZkPk)∥2 > 0,

δk
∥∇fuk+ρk∇PkZkPk∥ otherwise,

(3.20)

where Bk = Hk + r∇P (xk)Z(xk)∇P (xk)
T . Then we consider two cases:

i) If scpk = − δk
∥∇fuk+ρk∇PkZkPk∥(∇fuk

+ ρk∇PkZkPk) and ∥ ∇fuk
+ ρk∇PkZkPk ∥3≥ δk∥Bk(∇fuk

+

ρk∇PkZkPk)∥2, then

qk(0) − qk(s
cp
k ) = −(∇fuk

+ ρk∇PkZkPk)
T scpk − 1

2
scp

T

k Bks
cp
k

=
δk

∥ ∇fuk
+ ρk∇PkZkPk ∥

∥ ∇fuk
+ ρk∇PkZkPk ∥2

− 1

2

δ2k
∥ ∇fuk

+ ρk∇PkZkPk ∥2
((∥Bk(∇fuk

+ ρk∇PkZkPk)∥2)

≥ 1

2
δk ∥ ∇fuk

+ ρk∇PkZkPk ∥ . (3.21)

ii) If scpk = − ∥∇fuk+ρk∇PkZkPk∥2
∥Bk(∇fuk+ρk∇PkZkPk)∥2 (∇fuk

+ρk∇PkZkPk), and ∥ ∇fuk
+ρk∇PkZkPk ∥3≤ δk(∥Bk(∇fuk

+

ρk∇PkZkPk)∥2), then

qk(0) − qk(s
cp
k ) = −(∇fuk

+ ρk∇PkZkPk)
T scpk − 1

2
scp

T

k Bks
cp
k

=
1

2

∥ ∇fuk
+ ρk∇PkZkPk ∥4

∥Bk(∇fuk
+ ρk∇PkZkPk)∥2

≥ ∥ ∇fuk
+ ρk∇PkZkPk ∥2

2 ∥ Bk ∥
. (3.22)

From Inequalities (2.14), (3.18), (3.21), and (3.22), the proof completes.
In the following section, the convergence of the sequence of iterates is studied when ρk goes to

infinity.

3.3 Convergence when ρk goes to infinity

From Algorithm 2.3, we notice that the sequence {ρk} goes to infinity only when there exists an infinite
subsequence of indices {kj} indexing iterates of acceptable steps that satisfy, for all k ∈ {kj}

Predk < ∥∇PkZkPk∥min{∥∇PkZkPk∥, δk}. (3.23)

The following two lemmas show that a subsequence of the iteration sequence generated by the Algorithm
(2.4) satisfies the FJ conditions or infeasible FJ conditions if ρk → ∞ as k → ∞.
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Lemma 3.8 Assume S1-S3 holds and ρk → ∞ as k → ∞. If there exists a subsequence {ki} of indices
indexing iterates that satisfy ∥ZkPk∥ ≥ ε > 0 for all k ∈ {ki}, then a subsequence of the iteration
sequence indexed {ki} satisfies the infeasible FJ conditions in the limit.

Proof. The proof is by contradiction. Suppose that in the limit, there is no subsequence of iterates
that satisfies the infeasible FJ conditions. Then, from Lemma (3.1) and Definition (3.2), we have
| ∥ZkPk∥2 − ∥Zk(Pk +∇ZT

k sk)∥2 |≥ ε1 and ∥∇PkZkPk∥ ≥ ε2 respectively. Hence

∥∇fuk
+ ρk∇PkZkPk∥ ≥ ρk∥∇PkZkPk∥ − ∥∇fuk

∥ ≥ ρkε2 − ∥∇fuk
∥ ≥ ρkε2.

Since
∥Bk∥ = ∥Hk + ρk∇PkZk∇P T

k ∥ ≤ ρk∥∇PkZk∇P T
k ∥+ ∥Hk∥,

and using inequality (3.17), we have

Predk ≥ C3ρkε2min{δk,
ρkε2

ρk∥∇PkZk∇P T
k ∥+ ∥Hk∥

}.

For k sufficiently large, we have

Predk ≥ C3ρkε2min{δk,
ε2

∥∇PkZk∇P T
k ∥

}. (3.24)

Since ρk → ∞, then there exists infinite number of acceptable iterates at which inequality (3.23) holds.
From inequalities (3.23) and (3.24), we have

∥∇PkZkPk∥min{∥∇PkZkPk∥, δk} ≥ C3ρkε2min{δk,
ε2

∥∇PkZk∇P T
k ∥

}

Using assumptions S2, the right hand side of the above inequality tends to infinity as k → ∞, while the
left hand side is bounded. This gives a contradiction unless ρkδk is bounded. That is δk → 0. Now, we
consider two cases:
i) If ∥ZkPk∥2 − ∥Zk(Pk +∇P T

k sk)∥2 ≥ ε, then

ρk{∥ZkPk∥2 − ∥Zk(Pk +∇P T
k sk)∥2} ≥ ρkε → ∞,

where ρk → ∞, as k → ∞. Hence Predk → ∞ under assumptions S2-S3. That is, the left hand side
of inequality (3.23) tends to infinity as k → ∞, while the right hand side goes to zero because δk → 0.
This gives a contradiction with the assumption in this case.
ii) If ∥ZkPk∥2 − ∥Zk(Pk +∇P T

k sk)∥2 ≤ −ε, then

ρk{∥ZkPk∥2 − ∥Zk(Pk +∇P T
k sk)∥2} ≤ −ρkε → −∞.

where ρk → ∞ as k → ∞. Similar to the first case, Predk → −∞. But Predk > 0 and this tends to a
contradiction. These two contradictions prove the lemma.

The following lemma shows that the behavior of Algorithm (2.4) when lim infk→∞∥ZkPk∥ = 0 and
ρk → ∞ as k → ∞.

Lemma 3.9 Assume S1-S3 holds and ρk → ∞ as k → ∞. If there exists a subsequence {ki} of iterates
that satisfies ∥ZkPk∥ > 0 for all k ∈ {ki} and limki→∞ ∥ZkiPki∥ = 0, then a subsequence of the sequence
of iterates indexed {ki} satisfies the FJ conditions in the limit.
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Proof. Suppose that there is no subsequence of the sequence of iterates that satisfies FJ conditions in
the limit. Hence, from Lemma (3.2), we have

| ∥ZkPk∥2 − ∥Zk(Pk +∇P T
k sk)∥2 |

∥ZkPk∥2
≥ ε, (3.25)

for all 0 < ε and k very large. We consider three cases:
i) If lim infk→∞

sk
∥ZkPk∥ = 0, then there is a contradiction with inequality (3.25).

ii) If lim supk→∞
sk

∥ZkPk∥ = ∞. From subproblem (1.11), we have

∇fuk
+ ρk∇PkZkPk = −(Bk + σkI)s, (3.26)

where 0 < σk is the Lagrange multiplier of the trust region constraint. Hence, we can write inequality
(3.17) as follows

Predk ≥ C3 ∥ ∇fuk
+ ρk∇PkZkPk ∥ min{δk,

∥ (Bk + σkI)sk ∥
∥ Bk ∥

}.

Since Bk = Hk + ρk∇PkZk∇P T
k , then

Predk ≥ C3 ∥ ∇fuk
+ ρk∇PkZkPk ∥ min{δk,

∥ [ 1
ρk
Hk + (∇PkZk∇P T

k + σk
ρk
I)]sk ∥

∥ 1
ρk
Hk +∇PkZk∇P T

k ∥
}. (3.27)

If ρk → ∞, as k → ∞, then there exists an infinite number of acceptable steps such that Inequality
(3.23) holds. Since Inequality (3.23) can be written as

Predk < ∥∇Pk∥2∥ZkPk∥2, (3.28)

then from inequalities (3.27) and (3.28), we can write

C3 ∥ ∇fuk
+ ρk∇PkZkPk ∥ min{δk,

∥ [ 1
ρk
Hk + (∇PkZk∇P T

k + σk
ρk
I)]sk ∥

∥ 1
ρk
Hk +∇PkZk∇P T

k ∥
} ≤ Predk < a24∥ZkPk∥2,

where a4 = supx∈Ω∥∇Pk∥. Dividing the above inequality by ∥ZkPk∥, then

C3 ∥ ∇fuk
+ ρk∇PkZkPk ∥ min{ δk

∥ZkPk∥
,
∥ [ 1

ρk
Hk + (∇PkZk∇P T

k + σk
ρk
I)]sk ∥

∥ 1
ρk
Hk +∇PkZk∇P T

k ∥ ∥ZkPk∥
} < a24∥ZkPk∥. (3.29)

The right hand side of the above inequality goes to zero as k → ∞. This implies that

∥ ∇fuki
+ ρki∇PkiZkiPki ∥

∥ [ 1
ρki

Hki + (∇PkiZki∇P T
ki
+

σki
ρki

I)]ski ∥

∥ 1
ρki

Hki +∇PkiZki∇P T
ki

∥ ∥ZkiPki∥
,

is bounded along the subsequence {ki} where limki→∞
ski

∥Zki
Pki

∥ = ∞. That is, either
ski

∥Zki
Pki

∥ lies in

the null space of ∇PkiZki∇P T
ki

+
σki
ρki

I or ∥ ∇fuki
+ ρki∇PkiZkiPki ∥→ 0. The first possibility occurs

only when
σki
ρki

→ 0 as ki → ∞ and
ski

∥Zki
Pki

∥ lies in the null space of the matrix ∇PkiZki∇P T
ki

which

contradicts assumption (3.25) and implies that a subsequence of the iteration sequence satisfies the FJ
conditions in the limit. The second possibility implies ∥ ∇fuki

+ ρki∇PkiZkiPki ∥→ 0, as ki → ∞.
Hence ρki∥∇PkiZkiPki∥ must be bounded and we have ∇fuki

= 0. This implies that a subsequence of
the iteration sequence satisfies the FJ conditions in the limit.
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iii) If lim supk→∞
sk

∥ZkPk∥ < ∞ and lim infk→∞
sk

∥ZkPk∥ > 0. Therefore ∥sk∥ → 0. Hence, as in the

second case, the right hand side of (3.29) goes to zero as k → ∞. This implies that

∥ ∇fuk
+ ρk∇PkZkPk ∥

∥ (∇PkZk∇P T
k + σk

ρk
I)sk ∥

∥ ∇PkZk∇P T
k ∥ ∥ZkPk∥

→ 0.

This implies that, either ∥ ∇fuk
+ ρk∇PkZkPk ∥→ 0 or

∥(∇PkZk∇PT
k +

σk
ρk

I)sk∥
∥∇PkZk∇PT

k
∥∥ZkPk∥

→ 0. Similar case (ii), we

can prove that a subsequence of the iteration sequence satisfies the FJ conditions in the limit. This
completes the proof.

In the following section, the convergence of the sequence of iterates is studied when ρk is bounded.

3.4 Convergence when ρk is bounded

In this section we continue our analysis assuming that ρk is bounded. So, we assume that ρk = ρ̃ < ∞
for all k ≥ k̃.

Lemma 3.10 Assume S1-S3. At any given iteration indexed k at which ∥∇fuk
+ ρ̃∇PkZkPk∥ +

∥∇PkZkPk∥ > ϵ1, there exists a constant C4 > 0 such that

Predk ≥ C4δk. (3.30)

Proof. Since Bk = Hk + ρ̃∇PkZk∇P T
k , then under the problem assumptions we have ∥Bk∥ ≤ a5, where

0 < a5 is a constant. Assume that ∥∇fuk
+ ρ̃∇PkZkPk∥ > ϵ1

2 , then ∥∇PkZkPk∥ > ϵ1
2 . Using Lemma

(3.7), we have

Predk ≥ C3 ∥ ∇fuk
+ ρ̃∇PkZkPk ∥ min{δk,

∥ ∇fuk
+ ρ̃∇PkZkPk ∥
∥ Bk ∥

},

≥ C3ϵ1
2

min{1, ϵ1
2a5δmax

}δk.

Now, consider the case when ∥∇PkZkPk∥ > ϵ1
2 . Using (2.16), we have

Predk ≥ ϵ1
2
min{ ϵ1

2δmax
, 1}δk.

Take C4 = min{C3ϵ1
2 min{1, ϵ1

2a5δmax
}, ϵ12 min{ ϵ1

2δmax
, 1}}, the result follows.

Lemma 3.11 Assume S1-S3. If ∥∇fuk
+ ρ̃∇PkZkPk∥+∥∇PkZkPk∥ > ϵ1, then the condition Aredkj ≥

τ1Predkj will be satisfied for some finite j, i.e., an acceptable step is found after finitely many trial
steps calculations.

Proof. Since ∥∇fuk
+ ρ̃∇PkZkPk∥+∥∇PkZkPk∥ > ϵ1, then from Inequalities (3.16) and (3.30), we have

| Aredk
Predk

− 1 |= | Aredk − Predk |
Predk

≤ C2ρ̃δ
2
k

C4δk
≤ C2ρ̃δk

C4
.

Now as the trial step skj gets rejected, δkj becomes small and eventually after finite number of trials,
(i.e., for j finite), the acceptance rule will be met. This completes the proof.

Lemma 3.12 Assume S1-S3. If ∥∇fuk
+ ρ̃∇PkZkPk∥ + ∥∇PkZkPk∥ > ϵ1, at a given iteration k and

the jth trial step satisfies

∥skj∥ ≤ (1− τ1)C4

2ρ̃C2
, (3.31)

then it must be accepted.
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Proof. We prove this lemma by contradiction. Assume that the step skj is rejected and inequality (3.31)
holds. Then, from Inequalities (3.16)and (3.30) we have

(1− τ1) <
| Aredkj − Predkj |

Predkj
<

C2ρ̃∥skj∥2

C4∥skj∥
≤ (1− τ1)

2
.

This gives a contradiction and proves the lemma.
In the following theorem, we prove the main global convergence result for Algorithm (2.4).

Theorem 3.12 Assume S1-S3. Then the sequence of iterates generated by the algorithm satisfies

lim inf
k→∞

[ ∥∇fuk
∥+ ∥∇PkZkPk∥ ] = 0. (3.32)

Proof. In the first, we want prove that

lim inf
k→∞

[∥∇fuk
+ ρ̃∇PkZkPk∥+ ∥∇PkZkPk∥] = 0. (3.33)

We use a contradiction to prove 3.33. Suppose that ∥∇fuk
+ ρ̃∇PkZkPk∥+ ∥∇PkZkPk∥ > ϵ1 for all k.

Let k ≥ k̃ and a trial step indexed j of the iteration indexed k such that kj ≥ k̃. Using lemma (3.10),
we have

ℓkj − ℓkj+1 = Aredkj ≥ τ1Predkj ≥ τ1C4δkj . (3.34)

for any acceptable step indexed kj . If k → ∞, then

lim
k→∞

δkj = 0. (3.35)

That is, the radius of the trust region is not bounded below.
Since kj > k̄, then at j = 1, we have δk1 ≥ δmin. Hence δkj is bounded below in this case.
If j > 1, then there exists at least one rejected trial step. From lemma (3.12), we have for the

rejected trial step,

∥ski∥ >
(1− τ1)C4

2ρ̃C2
,

for all i = 1, 2, ...j − 1. Since ski is a rejected trial step, then from the way of updating the radius of
trust region (see Step 5 algorithm (2.4)) and using the above inequality, we have

δkj = η1∥skj−1∥ > η1
(1− τ1)C4

2ρ̃C2
.

Hence δkj is bounded below. But this contradicts (3.35). Therefore, the supposition is wrong. Hence,

lim inf
k→∞

[∥∇fuk
+ ρ̃∇PkZkPk∥+ ∥∇PkZkPk∥] = 0.

But this also implies (3.32). This completes the proof of the theorem.
From the above theorem, we conclude that, given any ϵ1, the algorithm terminates because ∥∇fuk

∥+
∥∇PkZkPk∥ < ϵ1.
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4 Application

In this section, we introduce an extensive variety of possible numeric bi-level nonlinear programming
problems to clarify the effectiveness of our Algorithm, since, Problem 1 [12] all the inner level func-
tions are convex, Problem 2 [12], at fixed x, the inner problem is convex, Problem 3 [12], where the
inner problem is quadratic in y, and there are no inner constraints, and Problems 4 and 5 [14] have
quadratic functions in both levels. These problems are solved numerically with the help of Algorithm
2.4. Generally speaking, all problems are solved in a small number of iterations and the all solutions
of these problems by our algorithm compared with the optimal solutions from corresponding references
are introduced in Table 1. It is clear from the results that our approach is capable for treating nonlinear
bilevel programming problems even the upper and the lower levels are convex or not and the computed
results converge to the optimal solution, also the solution obtained are the same to the optimal that
reported in literature.

Problem 1:
minx fu = 16x2 + 9y2

subject to −4x+ y ≤ 0,
x ≥ 0,

miny fl = (x+ y − 20)4,
subject to 4x+ y − 50 ≤ 0,

y ≥ 0.

We transform the above problem to the form (1.7) by introduce KKT conditions of the lower problem,
which reads

minx,y fu = 16x2 + 9y2

subject to 4(x+ y − 20)3 + λ1 − λ2 = 0,
λ1(4x+ y − 50) = 0,
λ2y = 0,
4x+ y − 50 ≤ 0,
−4x+ y ≤ 0,
(x, y)T ≥ 0, (λ1, λ2)

T ≥ 0.

Applying Algorithm 2.4, we have the solution (x, y)T = (11.25, 5), fu = 2250, and fl = 197.753
Problem 2:

minx fu = x3y1 + y2
subject to 0 ≤ x ≤ 1,

miny fl = −y2
subject to xy1 ≤ 10,

y21 + xy2 ≤ 1,
y2 ≥ 0.

We transform the above problem to the form (1.7) by introduce KKT conditions of the lower problem,
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which reads
minx,y fu = x3y1 + y2

subject to λ1x+ 2λ2y1 = 0,
−1 + λ2x− λ3 = 0,
λ1(xy1 − 10) = 0,
λ2(y

2
1 + xy2 − 1) = 0,

λ3y2 = 0,
xy1 ≤ 10,
y21 + xy2 ≤ 1,
0 ≤ x ≤ 1,
y2 ≥ 0, (λ1, λ2, λ3)

T ≥ 0.

Applying Algorithm 2.4, we have the solution (x, y1, y2)
T = (1, 0, 1), fu = 1, and fl = 0.

Test problem 3:
minx fu = (x− 3)2 + (y − 2)2

subject to −2x+ y − 1 ≤ 0,
x− 2y + 2 ≥ 0,
x+ 2y − 14 ≥ 0,
0 ≤ x ≤ 8,

miny fl = (y − 5)2.

We transform the above problem to the form (1.7) by introduce KKT conditions of the lower problem,
which reads

minx fu = (x− 3)2 + (y − 2)2

subject to 2(y − 5) = 0,
−2x+ y − 1 ≤ 0,
x− 2y + 2 ≥ 0,
x+ 2y − 14 ≥ 0,
0 ≤ x ≤ 8.

Applying Algorithm 2.4, we have the solution (x, y)T = (3, 5), fu = 9, and fl = 0.
Problem 4:

minx fu = y21 + y22 + x2 − 4x
subject to 0 ≤ x ≤ 2,

miny1,y2 fl = y21 +
1
2y

2
2 + y1y2 + (1− 3x)y1 + (1 + x)y2

subject to 2y1 + y2 − 2x ≤ 1,
y1 ≥ 0, and y2 ≥ 0.

We transform the above problem to the form (1.7) by introduce KKT conditions of the lower problem,
which reads

minx fu = y21 + y22 + x2 − 4x
subject to 2y1 + y2 + (1− 3x) + 2λ1 − λ2 = 0,

y2 + y1 + (1 + x) + λ1 − λ3 = 0,
λ1(2y1 + y2 − 2x− 1) = 0,
λ2y1 = 0, λ3y2 = 0,
2y1 + y2 − 2x ≤ 1,
0 ≤ x ≤ 2,
(y1, y2)

T ≥ 0, (λ1, λ2, λ3)
T ≥ 0.

Applying Algorithm 2.4, the solution of the above example is (x, y1, y2)
T = (0.8461, 0.7692, 0), fu =

−2.0769, and fl = −0.5917.
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Problem Solution corresponding to Optimal solution from
Name Algorithm 2.4 corresponding references

Problem 1 (x, y)T = (11.25, 5) (x, y)T = (11.25, 5)
Problem 2 (x, y1, y2)

T = (1, 0, 1) (x, y1, y2)
T = (1, 0, 1)

Problem 3 (x, y)T = (3, 5) (x, y)T = (3, 5)
Problem 4 (y1, y2, x)

T = (0.7692, 0, .8461) (y1, y2, x)
T = (0.7692, 0, .8461)

Problem 5 (x1, x2, y1, y2, y3)
T = (0.609, 0.391, 0, 0, 1.828) (x1, x2, y1, y2, y3)

T = (0.609, 0.391, 0, 0, 1.828)

Table 1: The comparison of the optimal solution

Problem 5:

minx fu = y21 + y23 − y1y3 − 4y2 − 7x1 + 4x2
subject to x1 + x2 ≤ 1,

(x1, x2)
T ≥ 0

miny1,y2 fl = y21 +
1
2y

2
2 +

1
2y

2
3 + y1y2 + (1− 3x1)y1 + (1 + x2)y2

subject to 2y1 + y2 − y3 + x1 − 2x2 + 2 ≤ 0,
(y1, y2, y3)

T ≥ 0.

minx fu = y21 + y23 − y1y3 − 4y2 − 7x1 + 4x2
subject to 2y1 + y2 + (1− 3x1) + 2λ1 − λ2 = 0,

y2 + y1 + (1 + x2) + λ1 − λ3 = 0,
λ1(2y1 + y2 − y3 + x1 − 2x2 + 2) = 0,
λ2y1 = 0, λ3y2 = 0, λ4y3 = 0,
x1 + x2 ≤ 1,
2y1 + y2 − y3 + x1 − 2x2 + 2 ≤ 0,
(x1, x2)

T ≥ 0, (y1, y2, y3)
T ≥ 0, (λ1, λ2, λ3, λ4)

T ≥ 0.

Applying Algorithm 2.4, the solution of the above example is (x1, x2, y1, y2, y3)
T = (0.609, 0.391, 0, 0, 1.828),

fu = 0.633887, and fl = 1.6805
Two-echelon supply chain system problem
Algorithm 2.4 is also applied to the problem was chosen from the engineering application called

two-echelon supply chain system with one manufacturer and one retailer. The manufacturer purchases
raw materials from the supplier first, then after the manufacturer’s production and processing, the end
products are sold to the retailer, this problem is formulated as bilevel models for joint pricing and
lot-sizing decisions, see [15].

maxx1,x2 fu = (x2 − Ps − Tc −Mc)x1x3y1 − 0.5cmTPsx3(y1 − 1)−Omx1
subject to Ps + Tc +Mc ≤ x2 ≤ 10,

x1 ≥ 0,
maxy1,y2 fl = x1x2x3y1(y2 − 1)− 0.5crTx2x3 −Orx1y1
subject to 1 ≤ y2 ≤ 5,

y1 ≥ 0.

where T = 52; Ps = 4; Tc = 0.5; Mc = 1; cm = cr = 0.001; Om = 400; Or = 200. For more details
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about the above application and its notations, see [15]. The above problem can be written as follows

maxx1,x2 fu = (x2 − 5.5)x1x3y1 − 0.104x3(y1 − 1)− 400x1
subject to 5.5 ≤ x2 ≤ 10,

x1 ≥ 0,
maxy1,y2 fl = x1x2x3y1(y2 − 1)− 0.026x2x3 − 200x1y1
subject to 1 ≤ y2 ≤ 5,

y1 ≥ 0.

To apply our method, we write the above problem into the form (1.7) by introduce KKT conditions,
which reads

max fu = (x2 − 5.5)x1x3y1 − 0.104x3(y1 − 1)− 400x1
subject to x1x2x3(y2 − 1)− 200x1 − λ1 = 0,

x1x2x3y1 + λ2 − λ3 = 0,
λ1y1 = 0,
λ2(y2 − 5) = 0,
λ3(1− y2) = 0,
5.5 ≤ x2 ≤ 10,
1 ≤ y2 ≤ 5,
x1 ≥ 0, y1 ≥ 0, (λ1, λ2, λ3)

T ≥ 0.

We solve this model in case of the manufacturer is the leader, who makes the first decision, and the
retailer is the follower. Our results, when applying Algorithm 2.4 is x1 = 5.878, x2 = 6, x3 = 19710.2412,
y1 = 7.7121, y2 = 2.6009, fu = 442353.28947, and fl = 13931722.24717. which is closed to whose
reported in [15].

We present the numerical results of Algorithm (2.4) which have been performed on a laptop with
Intel Core (TM)i7-2670QM CPU 2.2 GHz and 8 GB RAM. Algorithm (2.4) was implemented as a
MATLAB code and run under MATLAB version 7.10.0.499 (R2013a).

Given a starting point x̄0. We chose δ0 > 0, δmin = 10−3, and δmax = 105δ0. Also we chose
η1 = 0.25, η2 = 0.75, α1 = 0.5, α2 = 2, ϵ1 = 10−8, and ϵ2 = 10−10.

5 Conclusions

The innovation for our algorithm for treating nonlinear bilevel programming problems is using a penalty
method with trust-region strategy for solving such problem after converting it to a single level problem
using the KKT conditions. This method maybe simpler than similar ideas and it does not need to
compute a base of the null space. Also, the global convergence theorem for the introduced algorithm is
presented. On comparing our algorithm with previous methods, the numerical results reflect the good
behavior of the our algorithm and the computed results converge to the optimal solution. Finally, we
apply our algorithm on one of the engineering application, called two-echelon supply chain system and
the results was is closed to whose reported in literature.
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